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Abstract. The complementarity relation between the U(p, g) and U(n) Lie groups enables
us to reformulate the SO(6, 2) model of SU(3) in terms of a U(1, 1) group and to outline
its generalisation to a family of #n -2 models of SU(n), for n =3, respectively associated
with U(n—2,1), U(n—1,2), ..., and U(1, n —2) groups.

1. Introduction

Following Bernitein et al (1975), a model of a compact Lie group G is defined as a
realisation of a representation of G which consists of a direct sum of irreducible
representations (irreps), containing exactly one representative from every equivalence
class of irreps of G. For SU(2), several models are known (Schwinger 1965, Biedenharn
and Louck 1981, Bracken and MacGibbon 1984, Bracken 1984, Van der Jeugt 1985),
out of which Schwinger’s UW, mode! (1965) looks the most attractive, thanks to the
use of boson calculus computational advantages, even if it is not semisimple.

Recently a remarkable model of SU(3) has been discovered independently by
Biedenharn and Flath (1984) and Bracken and MacGibbon (1984). The model space,
which is a subspace @ of the six-boson Fock space %, carries an irrep of an SO(6, 2)
group. Biedenharn and Flath have emphasised that this model provides the framework
for a global algebraic formulation of the SU(3) tensor operator structure, thereby
leading to a complete resolution of the multiplicity problem for such operators. On
the other hand, Bracken and MacGibbon have stressed that the whole representation
space can be generated by applying some modified boson creation operators to a
vacuum state, in much the same way as the basis vectors are constructed in the
Schwinger UW, model of SU(2).

The purpose of the present paper consists in simplifying the Bracken and MacGib-
bon analysis for SU(3) and outlining its generalisation to SU(n), while using the results
recently obtained by one of us (Quesne 1986) about the complementarity relation
between the U(p, g) and U(n) Lie groups (Kashiwara and Vergne 1978).

In § 2, a family of n —2 models of SU(n) is defined. In § 3, bases of the correspond-
ing model spaces are constructed. In § 4, the model of SU(3) so obtained is shown
to coincide with the SO(6, 2) model. Finally, § 5 contains the conclusion.

+ Maitre de recherches FNRS.

0305-4470/86/173463+ 07$02.50 (© 1986 The Institute of Physics 3463



3464 J Deenen and C Quesne
2. Models of SU(n)

Let 0, and &, =(n;,)’, where i=1,...,n—1and s=1,..., n, denote (n—1)n pairs of
boson creation and annihilation operators. When acting on the boson vacuum state
10y, the operators m,, generate an (n—1)n-boson Fock space %, _;),. Under the real
symplectic group Sp[2(n—1)n, R], whose generators are realised by the operators
(Moshinsky and Quesne 1971)

D:s,jl = nisnjl Dis,jt = fi:gjl [Eis,jt = %(ni:gjt + fjr”’lu) (2'1)
F.—1)» decomposes into the direct sum of two subspaces, made of all the boson states
with an even or odd boson number respectively. Either subspace carries a positive
discrete series irrep of Sp[2(n — 1)n, R]—or more exactly of the double covering group
Mp[2(n —1)n] of Sp[2(n —1)n, R]—characterised by its lowest weight ((1/2)"""") or
((1/2)"7V"3/2).

Let us consider the following group chain (Quesne 1986):

Sp[2(n—1)n, R1=>U(pn, gn) > U(p, ) X U(n) (2.2)
where p and g are any two positive integers subject to the condition
ptgq=n-1. (2.3)
The U(pn, gn) basis operators P, where i,j=1,...,n~1and s, t=1,...,n are
defined by
Pis,jt=[Eis,jt ifi,j=1,-‘-,P
=i ifij=p+1,...,n—1
" _ (2.4)
=D ; ifi=1,...,pandj=p+1,...,n—-1
=Dy ;i ifi=p+1,...,n—landj=1,...,p

and the U(p, q) and U(n) ones are obtained from them by contraction over the index
s or i as follows:

P;=YP,, i,j=1,...,n-1 (2.5)
951=Z SiP,’S,“ S, t=1,...,n (2.6)
where
g=+1 ifi=1,..,p
] (2.7)
=-—1 ifi=p+1,...,n—1.
The U(p, q) basis operators can also be written as
P‘]=EU ifi,j=l,...,p
=E; ifi,j=p+1,...,n—-1
+ o ) (2.8)
=Dj; ifi=1,...,pandj=p+1,...,n-1
=D ifi=p+1,...,n-1landj=1,...,p

where ij, D; and E; denote the contractions over s of the operators (2.1).
The U( pn, gn) irreps [p] contained in either irrep of Sp[2(n—1)n, R] (Kashiwara
and Vergne 1978, King and Wybourne 1985, Quesne 1986) are positive discrete series
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irreps characterised by a single integer p € Z, related to the eigenvalue p+(p—q)n/2
of the U( pn, gn) first-order Casimir operator
Gl=§:ﬁphﬁ' (2.9)

is

The branching rules are given by

S @p)

p=—c
p even

and

(/2" S @l (2.10)

p=—oc
p odd
The U(p, q) and U(n) groups are complementary (Moshinsky and Quesne 1970)
within any irrep [p] of U(pn, gn), meaning that the U(p, q) x U(n) irreps contained
in [p] are multiplicity free and that there is a one-to-one correspondence between the
labels of the associated U(p, g) and U(n) irreps (Kashiwara and Vergne 1978, King
and Wybourne 1985, Quesne 1986). The branching rule is

(p)

(1) Y ®[ky...kyi k). kpIx[ki .. k0= kj ... —ki] (2.11)
[k1[&]

where the summation runs over all the partitions [k]=[k,... k,] and [k']=[k; ... k;]
into p or g non-negative integers, subject to the condition

Y kn—%:k};=p. (2.12)

Here the indices @ and B8 run from 1 to p and 1 to g, respectively. In equation (2.11),
the U(p, q) irreps are positive discrete series ones, specified by their lowest weight
{k,+n/2,....,ki+n/2, ky+n/2,...,ki+n/2}, that we denote in short by
[ky...k,; ki...k;]. On the other hand, the U(n) irreps are finite-dimensional ones,
characterised by their highest weight {k,+(p—q)/2,...,k,+(p~q)/2,(p~9q)/2,
~k,+(p—q)/2,...,-ki+(p—q)/2}, that we  denote in short by
(k... k,0—k,...—ki]; they are of mixed type, i.e. with negative as well as non-
negative labels (Flores 1967, King 1970, 1975).

From the above results, it is clear that the operators P; and 2, generate in F,_,),
the U(p, q) x U(n) representation

[k%q@[kl kK IX [k 0=k =K (2.13)

where the summation is now an unrestricted one over all the partitions [k] and [k']
into p or g non-negative integers. Let us now consider the subspace %&,, of U(p, q)
lowest weight states, i.e. the set of vectors |¢) of %,_,,, satisfying the conditions

Eylg)y=0 iflsj<i<porp+ls<j<isn-1 (2.14)
and

Dyly)=0 ifi=1,...,pandj=p+1,...,n—1. (2.15)
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From equation (2.13), it is obvious that the operators P, generate in B,, the U(n)
representation

Y @®[ky... . k,0-kj...—kil (2.16)
[k1[k]

Any U(n) irrep [k, ...k,0—kj...—k}] remains irreducible when restricted to
SU(n) and corresponds to the (n—1)-row Young diagram

Lkt ki, ..., ko + ki, ki ki—kg, .. ki =k =L L) 2.17)

From equation (2.16), it follows that the subrepresentation of SU(n), generated in Bpq
by the operators

Po—(1/1)8, Y, P (2.18)

has the form

[k§]®[k1+k§,...,kp+ki, K=kl k= k]
3

=[Z ®Lhl. . o) (2.19)
1]

On the right-hand side of equation (2.19), the summation runs over all the partitions
into n—1 non-negative integers. Hence it contains exactly one representative from

every equivalence class of irreps of SU(n). The n—2 subspaces &, , of F(,_y)n, for
which p and g satisfy equation (2.3), therefore define a family of n —2 models of SU(n).

3. Basis states

To find a basis of %&,,, let us solve equations (2.14) and (2.15). Any solution of
equation (2.14) is a linear combination of lowest weight states of irreps of the U(p, q)
maximal compact subgroup U(p) x U(g). Such lowest weight states can be written as
(Moshinsky 1962)

p n
(Ul ]:I (np*—aﬂ-lmp,lma—l.s)"m)

a

q n—-B+1
X( H I_I (77n—B...n—l,1n-/3+2...n)nﬁl>‘0> (31)
B=1 1=1
where 7, _, ,, ., denotes the determinant of order r obtained from rows i,,..., I, and
columns si,...,s, of the matrix |n;| and the exponents n,, and nj, may take any

non-negative integer values.

Any solution of equation (2.14) can be transformed into a simultaneous solution
of equations (2.14) and (2.15) by replacing the standard boson creation operators 7;,
by modified ones aj,, satisfying the traceless conditions (Quesne 1986)

Y aia;,=0 i=1,...,p j=p+1,...,n-1. (3.2)
s=1
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These traceless boson creation operators and the associated annihilation operators a
are the generalisation to U(n) of the O(n) and USp(n) corresponding operators
introduced by Lohe and Hurst (1971) and they are defined by

n—1
Nis — i Z (Z "Ijr"”lk:)Aj_k,lufts ifi=1,...,p

+ J=1kl=p+1 \ t

ais = (3'3)
n—1 . .
Nis — i Z (2 njtnkt>Ajk.li§Is ifi=p+1,...,n
GI=1k=p+1 \ 1

and

ais = gis' (34)
Here A is a pq X pq operator matrix, whose elements are given by
Aij,k1=6ikElj+5leki iykzla-'-ap j;l=p+1a"'9n_l (35)

and A™! is its inverse. The operators aj, and a;, are Hermitian conjugates of one
another in %, , and have the property of transforming any state satisfying equation
(2.15) into another state still fulfilling the same equation.

We conclude that a basis of %, , is provided by the set of states

H{Nash, {npd)
) (3.6)

where a;rl..,i,,sl...s, denotes the determinant of order r obtained from rows i;,..., i, and
columns sy, ..., s, of the matrix |a}|| and n,,, nj, run over all non-negative integers.

o

I

ls=a

n 4 n—pg+1 ' ,
H (ap—a#-l...p,l...a—ls)"a:)( IEI H (an—ﬂ,.n-l,tn—ﬁ-#z...n)"ﬁ‘)|0>
= B=1 1=1

4. Application to SU(3)

For SU(3), we obtain a single model space %= %,,, which is the subspace of %
consisting of all U(1, 1) lowest weight states. In this case, equation (2.14) disappears,
and equation (2.15) gives rise to a single condition, namely

Dyly)=0. (4.1)

The traceless boson operators (3.3) and (3.4) are now

aL=ms—(Z 7711772t)(Ell+E22)_1§2s ays = &5
t
(4.2)
+o_ -1
Az, = "Izs—(z 771:’72:)(511+E22) £is Az, =&,
t

Since
(Z "In"lz:)(Eu + Ezz)_1 = (En + 522'2)_1(2 771:7)2:) (4-3)

we can eliminate the denominators in equation (4.2) and define renormalised traceless
boson operators as follows:

AL =(E;+Eyp —2)a,TS A= a; (4.4)



3468 J Deenen and C Quesne

These new operators are not Hermitian conjugates of one another any more, but they
are simple cubic polynomials in 7, and £,. In terms of them, the basis vectors (3.6)
of B may be written as

3
|ninanyninynyec Hl (A],)"™(A3,)™(0) (4.5)
apart from some irrelevant numerical factor.

It is now obvious that such a model of SU(3) coincides with that of Bracken and
MacGibbon (1984) if we 1dent1fy Our Operators s, €is, Mass €255 Al Ay, AL, Ay
and P,, with their operators &@°, a,, ;, B°, A°, A,, B,, B* and A! respectively, and if
we set P=3.7,,6, and Q= ES Naséas, 80 that E;;+ E,;—-2=P+ Q+1. As shown by
Bracken and MacGibbon, the renormalised traceless boson operators A}, and A,
generate under commutation a representation of the Lie algebra so(6, 2) and, moreover,
P carries an irrep of the corresponding Lie group SO(6,2). As was stressed by
Biedenharn and Flath (1984), the renormalisation plays an essential role in obtaining
such results. From the commutation relations of the unrenormalised operators a}; and
a;; (Quesne 1986), it is indeed clear that the latter do not generate a closed algebra
under commutation.

5. Conclusion

In the present paper, we have obtained a family of n—2 models of SU(n) for n=3,
starting with the SO(6, 2) model of SU(3). For n> 3, such models will be useful if
they carry an irrep of some group. Whether this is the case is still an open question,
significantly more complex to answer than the corresponding one for n = 3. One reason
for such complexities lies in the renormalisation of the a}; operators, now containing
the operator matrix A~ instead of a function of a number operator as in the n=3
case. A further reason is that an attractive feature of the SO(6, 2) model of SU(3) is
lost: the models for SU(n), n> 3, do not admit every vector that can be obtained from
the vacuum state by application of the traceless boson creation operators; consequently
the counterpart of so(6,2) for n>3, if it does exist, will not be simply generated by
commuting the renormalised traceless boson operators.

As a final comment, we would like to stress that the SU(2, 1) model of SU(2)
(Bracken and MacGibbon 1984, Bracken 1984, Van der Jeugt 1985) does not belong
to the family of models considered in the present paper. Hence Bracken’s suggestion
(1984) of considering the construction of a model for SU(4) as equivalent to finding
the next Lie algebra in the sequence su(2, 1), so(6, 2), ... may be meaningless. The
present paper shows that any sequence, if it exists, should most probably start with
so(6,2).
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